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Abstract—This paper reports on the development of a high-
sensitivity resonant viscometer. The sensor will exploit 
nonlinear dynamic behaviour and measure the frequency 
separation between singular jump points in the frequency 
response function. It is shown that the sensitivity of the 
proposed nonlinear viscometer is at least an order of 
magnitude better than that of conventional linear devices. 
I. INTRODUCTION 
Measurements of viscosity and density allow for the 
monitoring of fluid quality and processes involving a fluid 
environment. There are various fields in which such 
measurements may be required, including oil exploration and 
production, environmental monitoring, process control, 
medicine, and the automotive industry.  
A variety of density and viscosity sensors have been 
developed based on the exploitation of resonance. Examples 
of devices operating in the linear regime include vibrating 
wire viscometers, oscillating plates and quartz-crystal 
microbalances. The frequency response of a resonator in a 
surrounding fluid depends strongly on the properties of said 
fluid. The resonance frequency and damping (and hence 
quality factor Q) are influenced by the viscosity and density, 
and hence can be used to sense these properties.  
However, there remain challenges in terms of sensor 
accuracy, flexibility, and use outside of the laboratory 
environment [1]. The behaviour of a resonator immersed in a 
viscous fluid needs careful consideration, as there is no 
analytical solution to this problem [2]. 
Nonlinear effects have been observed with resonator 
devices [3]. Nonlinearities can arise in many different ways 
and take different forms such as material, geometric, inertia, 
and friction nonlinearities. In this paper we focus on the 
geometric nonlinearities which occur due to midplane 
stretching of clamped-clamped beam resonators of 
rectangular cross-section. The frequency response of such 
devices shows the existence of jump phenomenon. The jump 
points are singularities which can be measured to a high 
degree of accuracy. By utilising the existence of these jump 
points, and measuring the frequency difference between 
them, it may be possible to design novel sensors capable of 
measuring viscosity and density with increased sensitivity. 
Previous related work includes investigations into mass 
detection using nonlinear oscillations [4]. 
II. BEAM VIBRATION 
In order to approximate the behaviour of a vibrating 
clamped-clamped beam, slender beam assumptions are 
made, and rotational and longitudinal inertia neglected. The 
beam is subject to midplane stretching, which introduces a 
nonlinear term into the beam equation of motion. This 
nonlinearity has been shown to be the dominant nonlinearity 
for such beams [5]. 
With a forcing term ( )txp , , the equation of motion in 
vacuum can be shown to be   
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where x  is an axial direction, v  represents displacement 
on the centre line, L  is beam length (along x axis), A  is the 
cross-sectional area, E  and ρ  are the beam material 
Young’s modulus and density respectively, and I  is the 
second moment of area for the beam.   
III. FLUID DAMPING 
The behaviour of the beam is now considered for the case 
of total immersion in an incompressible, homogeneous 
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Newtonian fluid, of density ρf and viscosity μ, at constant 
temperature and pressure. Gases may be considered 
incompressible at Mach numbers of less than 0.3 [6]. 
As the beam oscillates so an oscillating fluid force is 
applied to the beam by the surrounding fluid. This force has 
two components, one acting in phase with the acceleration of 
the beam, the other in phase with the velocity [7]. These 
components are known as the added mass and the viscous 
drag, respectively. 
A. Added Mass 
The added mass coefficient for a cylinder in an 
oscillating flow of circular frequency ω is given by 
( ) ( ) 232141 −− ++= DDaC πβπβ  where 
πμ
ωρβ
2
2Df
D =  and 
D  is the characteristic length [8] (here, the diameter of the 
cylinder.) It is assumed that the added mass coefficient for an 
oscillating cylinder in a still fluid is identical. The added 
mass per unit length for a cylinder, AM , is then given by 
4
2bCM aA
πρ= . For a rectangular beam, the added mass is 
approximated as 
4
2bCM aA
πρα= , where α is a parameter 
dependent on the beam width to depth ratio [7]. 
B. Viscous Drag 
The Keulegan-Carpenter number Kc  is a measure for 
viscous effects. For slightly viscous fluids at 1<Kc , the drag 
coefficient DC  for a smooth circular cylinder is given by 
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Sarpkaya [9] explains that the above formula only strictly 
holds for 1<<Kc ,  1.Re <<Kc , 1>>Dβ . Outside of this 
range, the drag coefficient must be determined 
experimentally. 
The viscous drag force per unit length is then given by  
DfD DCdt
vdF
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dt
vdF DD μα= . The damping ratio is then a function of 
the dynamic viscosity. 
A rectangular beam will have a larger drag coefficient 
than a similarly sized circular cylinder [10].Consequently, 
the beam drag is approximated by multiplying the cylinder 
drag by an appropriate amount (again, to be determined 
experimentally.) In place of Dα  then we use Φ , so that the 
damping coefficient becomes μΦ . For characteristic length, 
use the width of the beam, b. 
IV. MODIFIED EQUATION OF MOTION 
Inserting the drag force terms into (1) gives 
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A solution to (2) can be sought by using the modal 
expansion ( ) ( )xXtTv ∑= . The resonator will be operated at 
the fundamental mode of vibration, so it is appropriate to 
consider only this fundamental mode shape i.e. 
( ) ( )xXtTv = .  Using this mode shape, the equation of 
motion becomes 
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By making suitable substitutions, (3) can be represented 
as  
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This equation is in the form of the damped Duffing 
equation. Rao [11] shows that equations of this type have 
solutions which exhibit two distinct jump points. These 
singularities are separated by a frequency difference δF. 
V. AVERAGING METHOD 
Let a solution to (4) be expressed in the form 
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τττ . Harmonic terms are then 
collected and equated. Letting rirr eaA
φ
= and then taking the 
real and imaginary parts of the equation, squaring and 
adding, yields the equation 
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The following predictions arise from this equation. 
VI. MODEL PREDICTIONS 
A. Fluctuation In Jump Point Separation 
Fig. 1 shows that an increase in viscosity or density has 
the effect of reducing the jump point separation δF. There 
exist contours of equal δF across the plotted surface, 
suggesting that for identification of fluid properties, a second 
measurement with a differing resonator is required. The 
intersection of the contours from the two resonators would 
then indicate the relevant values. 
 
Figure 1.  Jump point separation versus density and viscosity, for a copper 
beam of dimensions L=1400μm, b=60μm, d=30μm.  
B. Sensititivity To Changes In Fluid Properties 
Using the data as for Fig. 1, it was possible to investigate 
the relative effect of changing the density and the viscosity 
by equal amounts. Fig. 2 shows the effect on δF of 
increasing these values from an initial point. Over the range 
of data under consideration, it is observed that δF is more 
sensitive to changes in viscosity than density.  
 
Figure 2.  Sensitivity to changes in gas density and viscosity. Initial values 
of density 0.1625 kgm-3, viscosity 1.37 kgm-1s-1 
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C. Comparitive Studies 
Many vibrational viscometers use measurements of the 
peak frequency, bandwidth and/or the quality factor in order 
to determine the viscous damping. Fig. 3 shows a 
comparison of the predicted sensitivity to changes in 
viscosity of a copper beam resonator, of dimensions 
200μmx10μmx2μm, operated in both the linear and 
nonlinear regime, and a quartz-crystal microbalance (QCM). 
The copper beam has its first natural frequency at 194kHz, 
compared to a 30MHz QCM [12]. The pertinent frequency 
measurements are as follows: jump point separation for the 
beam in the nonlinear regime; bandwidth for the beam 
operated in the linear regime (at half the forcing magnitude 
as in the nonlinear regime); shift in peak frequency for the 
QCM. In this comparison, fluid density is held constant at 
the value for dimethyl ether (713.4 kgm-3), with viscosity 
varied from that of liquid ammonia (1.52x10-4 kgm-1s-1) to 
that of dimethyl ether (2.24x10-4 kgm-1s-1). The magnitude of 
the rate of change of each frequency measurement is then 
plotted against viscosity. 
 
Figure 3.  Sensitivity comparison between copper beam resonator and 
quartz-crystal microbalance. 
 
Fig. 3 indicates that the nonlinear beam resonator 
demonstrates the greatest sensitivity to changes in viscosity 
over most of the range under consideration.  
VII. CONCLUSIONS 
The equation of motion for a clamped-clamped beam in a 
fluid has been shown to be of the form of the damped 
Duffing equation. Jump points are seen to occur, and the 
observation made that these jump points move closer 
together as the damping is increased. This phenomenon 
might be utilised in developing a novel sensor which can 
measure fluid viscosity and/or density. Devices could be 
scaled according to the chosen application. 
At low damping, nonlinear beam resonators are shown to 
be potentially more sensitive to changes in fluid properties 
than existing resonating devices. Furthermore there may be 
advantages, in terms of accuracy of measurement, in 
identifying the two singular points as opposed to bandwidth, 
peak frequency or peak amplitude. 
Further work is required to develop the model to operate 
in more viscous fluids where nonlinear damping effects may 
become significant.  
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